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Emergent spatial correlations in stochastically evolving populations
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We study the spatial pattern formation and emerging long-range correlations in a model of three species
coevolving in space and time according to stochastic contact rules. Analytical results for the pair correlation
functions, based on a truncation approximation and supported by computer simulations, reveal emergent
strategies of survival for minority agents based smiection of patternsMinority agents exhibitdefensive
clusteringand cooperative behavioclose to phase transitionsS1063-651X97)06909-2

PACS numbg(s): 87.10:+e, 02.50-r, 64.60.Cn, 89.66:x

The dynamics and spatial pattern formation of interacting(X), or occupied by one infected agent)( The time evo-
species have been studied recently in various conf@&®  lution of this system is cycli¢irreversiblg and analogous to
using both deterministic and stochastic modeling techniqueshat occurring in contact process modi2s10] or in lattice-
Particular emphasis in these studies was placed on tempor@is model43] describing position-fixed chemical reactions
evolution of global quantitie§3] such as population densi- [8]. The local transition rules are the following. A given
ties. In contrast, much less is known about the evolution ofMpty site becomes occupied by a healthy agent, i-e.X0
multispecies systems in space, especially when the locait @ ratezaNy, whereNy is the number of healthy nearest
rules are probabilistic rather than determinigtiellular au-  Nneighbors of that site. A healthy agent becomes infected, i.e.,
tomata[4]). There has been a growing recogniti@, how- ~ X—Y, at a ratezbNy, whereNy is the number of infected
ever, that the environment has a spatial dimension, sinceearest neighbors, while an infected agent dies,Y.e:0, at
individual population members rarely mix homogeneouslya rated independent of its neighborhood. This last rule ex-
over the territory available to them but develop insteadplicitly breaks the symmetry of a basic cyclic system studied
within separate subregions. It is in this context that explicitlypreviously[9].
spatial stochastic versions of the classical mo@@/g] have Furthermore, depending on a particular application of the
received renewed attentidB,8,9. model, the three agents can bear different names. For in-

Specifically, spatial patterns in chemical reaction systemstance, in the context of epidemiology our generic terminol-
were investigated8,9] in the mean-field and pair approxi- 0gy for the trio healthy, infected, and dead is substituted by
mations and contrasted with stochastic simulation resultghe trio susceptible, infectious, and recovered in direct cor-
Active stationary states of oscillating populatiof®§ were  respondence with the classical Kermack-McKendr[ag
observed[9] and correlated with emerging spatial patternsmodel. On the other hand, in the mathematical ecology con-
for a very simple “paper, scissors, stone” model where alltext, the three agents are referred to as prey, predator, and
species are treated symmetrically. In contrast, we investigatempty to mimic the classical Lotka-Volterf&] system.

a more general model that breaks the symmetry between the According to the just described rules of evolution and
species and results in a much richer spatial behavior. assuming homogeneity and isotropy of the configurational

Our analytical results for the inter- and intraspecies pairSpace, the probability equations for the rate of change of the
correlation functions, supported by computer simulations fodensityp,, of speciesa=0, X, Y are
long-range correlations, show different and interesting be- } }
haviors that can be interpreted as strategies of survival for px=aPox—bPxy, py=bPxy—dpy, (1)
minority agents based @election of patternsThe survivin . - . '
(stationyar)\? patterns show complex F;patial organizationgtha whereP,z=Pg, are the joint probability densities for find-

looks similar to what might be expected to emerge if the!Nd @ Speciesr at a given site and a specigsat a nearest

species were trying to maximize their chances for survival.neighbor of that Sitepa.z.(d/dt)p.w' SinceEapa.:l_, only .
of the species densities are independent. Similarly, since

Although such stationary states are to be expected as meaf{° i ) -
«p= Pa» ONly three out of nine equations for joint prob-

of self-organization of an interacting system, they should no tfllj ind q h K with
be confused with global equilibrium states. In fact, these?Pllilies are independent. We choose to work with cross-

states are manifestations of spatial nonequilibrium criticafP€cies probabilities whose rates of change equations are
phenomen4l0].

We consider a model of a disease spreading through a
spatially correlated three-species population evolving in time : L s " N 0
according to stochastic rules. The populaton members  Pxy=—(d+zb)Pxy+3[b(Txy=Tyy) +aTxyl, (2
(agent$ occupy the sites of a discrete, two-dimensional .
square lattice with the neighborhood of a given site defined Pyo=d(py—Pxy—2Pyo) + %(bTﬁO—aT?(Y),
in the von Neumann sendgge., each site has four nearest
neighbors. Thus each site of the lattice can be in three dif-whereTf7 denotes the joint probability of finding a species
ferent states: empty0), occupied by one healthy agent B at a given site and species and y on the two nearest

Pox=0Pyy— $aPox+ 3[a(Toy— T3y —bT¥o],
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neighbors of that site. Subsequently, the time evolution of 10
three-site cluster probabilities can be expressed in terms of STty rT T L‘\ Y4
four-site cluster probabilities, thus forming the beginning of I .
an infinite hierarchy of coupled equations. These will not be - ]
presented here, however, since we shall shortly introduce a  0-8 | X
truncation scheme cutting the hierarchy at the level of Egs.
(2). L 3 A -
First, let us make further simplifying assumptions. With- X '
out much loss in generality we measure the time in units of
maximal event rate+b+d=1 and we take the rates of
infection and recovery to be equa+b=1(1—d), a choice
corresponding to a diagonal cut through the parameter space. LY
Furthermore, we shall concentrate on the study of active sta- - o O A 1
tionary states with nonzero population of all three species
[3], i.e., the death rate range<@l<d.. Subsequently, the 02 [ g ]
fixed stationary points of Eqsl) are given by A ]
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Now, even the mean-field approximation, i.B,z~p.pz, . . 3 .
yields three distinct stationary states: two homogeneous ab- FIG. 1. Active state species densities, «=X,Y,0, according
sorbing states, one being the all-empty latticeder0 and 0 the pair approximatiofsolid lineg and corresponding numerical
the other the all healthy population state tbrd,=2, and  Simulation resultfopen symbols
an active endemic state with nonzero population of all three
speciespy=pq and py=po=(1—pg)/2 for 0<d<d,. Pa_Cap

To improve on the mean-field results we define the pair s Cpra’
approximation11,12 via _ _ _ -

then with the help of relations Eq&6) the species densities
T§y~ PusPsylpgs. (4)  are calculated as

With the above approximation, the fixed point conditions for Px=PdCxiop,
pair densities of Eq92) reduce to nonllnegr alge_zbrauc equa- pv=CyxCoiopr
tions for three unknowns: the cross-species pair probabilities (8

Pyxy and Py, and the healthy species density. However, Po=PaCyixps

for our purpose, it is more convenient to work with condi-

tional probabilities defined as p_:[pdCX/o+(pd+ Cy0)Cyix] ™%
Cup=Paplpp, (5)  cClearly, theCy,x=0 solution of Eqs(7) yields py=po=0

_ N _ ~andpx=1, corresponding to the absorbing state. Moreover,
whereC,z is the probability of a nearest neighbor to a sitethe active state solutions of Eqg) are given by
in a stateB to be in a statexr. In terms of these conditional

probabilities, the stationarity conditions of EJ8) are ex- Cyix=3{2+ pg— V1+4py+ 9pdz},
pressed as
Cyio=35(2pg—1)+3Cy/x, 9

Cxiv=pd: Cox=Cvix, Cov=pdCviCxp- (6 5
Cxio=5—2Cyx.
The remaining three cross-species probabilities can be calc

lated from the stationarity requirements of E¢®: Since Cyix of Eq. (9) vanishes forpg=y3/8, i.e., ford

=d.~0.234, the phase transition from the active to the all
healthy state takes place earlier than predicted by the mean-
field approximation wherd,= 3. However, the extinction of

the healthy species still occurs only fd=0. The pair ap-

Cvix[ Cviot Cyix+2Cxj0— 5(2pg+1)]=0,

2 —
Cyixl Cvio=3Cvix—35(2pa—1)]=0, () proximation results for all three species densities, E§p.
with Egs.(9), in the active region are plotted in Fig. 1 with
Cxiol Cyix— Cvio— 3(pa— 1) ]~ §pdCyi0=0. solid lines. We note that for low values of the death rate the

infected agents density is suppressed, while the empty-site
There are two classes of solutions to E3: the absorb-  density is enhanced compared to mean-field results.
ing all-X state and the active state with nonzero average While the mere existence of the two phase transitions is
population of all three species. Indeed, since the species denet surprising in itself(the pair approximation predictions
sities ratios can be written as are not qualitatively different from those of the mean fjgld
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FIG. 2. Pair-correlation function of the healthy specles;, FIG. 3. Pair-correlation function of the infected specigg,,
a=X,Y,0, according to the pair approximatigsolid lines and ~ @=X,Y,0, according to the pair approximatidsolid lines and
corresponding numerical simulation resuitgen symbols corresponding numerical simulation resulopen symbols

the spatial correlation functions calculated in the pair ap{ation functions with the central site being empty are not
proximation (9) offer important clues about the nature of shown since these are nearly identical to those of Fig. 3.
these transitions. In particular, the limits With the above definition(12), the positive value of /4

signifies a repulsive interaction, while negative values corre-

(L'LnOCX/X: 3 spond to attraction.
(10) Consequently, all three same-species interactions are at-
N tractive in the entire range of the active state, while the cross-
lim {CY/Y]: 4 species interactions are repulsive except for the infected-
d—d, Cono 1- \/g dead correlations, which change sign tb+0.1 (middle of

the range of the active stateThis change of sign is to be
reveal strong same-species clustering effects in the limitexpected if one interprets the mutual interspecie correlations
where the corresponding agents are in minority. Moreoveras emergent “strategies for survival” of the minority agents.

the nonzero limits At low death rate values the healthy agents are in minority.
The highest “survivability” patterns for healthy species are
| {Cwo] \/§—§ then those that tend to minimize the length of the contact
im = 11 : P e
. Con 31— \/g) (11 boundary with the “invading” infected species: healthy

agents cluster together, attracting each other and repelling
the rest. The infected agents tend to surround healthy clus-

that are simultaneously on the verge of extinction near thégrs’. repelling the dead in the process. I_:or h|gh_death rates,
upper phase transition. Thus the pair approximation result € mfe‘c‘:ted and df{id agents b.Oth are in minority .and thus
already suggest a “defensive” spatial organization of th tend to “cooperate” in the|r spatial organization, acting as a
minority species near their respective extinction limits. Note]f'Ingle speues(attractlye infected-dead interactjoin _de-
that, as expected, the mean-field limits of EG€) and (11) e_nse_agalnst he_althy invaders. The resultant cI_usterlng of the
are all equal to zero. minority agents in this range of t‘r)e death _rate” is expected to
To emphasize the spatial nature of the inter- and intraspepe \_/vea!fer, hoxvever, since t_he cooperating” species have
cies correlations it is illustrative to define the correlationdIStInCt goal_s. .TO Increase in numbers, the mfe_cted agents
strength as need to maximize contacts Wlth.the healthy majority, while
the dead need to minimize their contacts with the healthy
laip=Pa—Cuip (120 agents. The ensuing compromise weakens the clustering
strategy.
which measures the deviation of the nearest-neighbor pair We test the accuracy of the pair approximati@h by
correlations from that expected for a random distribution.performing computer simulations on a 20000 lattice. Both
The pair approximation results of E¢®) and (9) for these periodic and fixed-end boundary conditions were employed
correlation strengthénteractiong are displayed in Fig. 2 for and our results are not particularly sensitive to the choice of
the central site of the healthy type and in Fig. 3 for theboundary conditions. We take one time step to correspond to
central site in the infected state. The remaining three correl®* updates of individual sites, i.e., approximately one up-

are indicative of “cooperative” correlations among agents
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date per site. Spatial correlations are found by averaging ove
time. The system was started in a variety of initial configu-
rations and all averaging takes place after the first 500 time 0.00
steps(minimum) so as to exclude initial fluctuations. The -0.20
total numbers of time steps included in the average rangec r
from 4000 to 12 000. In fact, the pair-correlation functions -0.40 I
are found to be reasonably accurate in just 1000 steps. Th -0.60

long-range correlations, to be discussed later, become sig
nificantly less noisy when averaging over 12 000 steps, al-

L L

though the basic trends are well established after just 400( g’ 0.05
steps. = I

The results of the above simulations are displayed in Figs. g 0.00
1-3, in direct comparison with the pair approximation, 73 -
showing excellent qualitative agreement. Quantitatively, € -0.05
however, the pair approximation consistently underestimates 8
the strength of correlations close to both lower and upper ’ ’ ’ ‘
phase transitions, suggesting the emergence of long-rang 0.10 | on -
correlations. Furthermore, the critical values of the death rate T
shift according to the simulationst.~0.18, while the ex- 0.00
tinction transition occurs at a nonzero value:@~0.025.
However, the latter critical value shows a sensitive depen- -0.10 .

dence on the lattice size, decreasing with increasing[8ize
More studies are needed to determine whether in the limit of
infinite system size the extinction of the healthy species hap-
pens only at vanishing death rate as in both pair and mean site index
field approximations.

To test the C'onjecture' of emergent long-range interactions FIG. 4. Numerical simulation results for the interaction strength
beyond the pair approximation, we have performed furtheqalﬁ(n) for somea, B=X,Y,0 as a function of site indes. Corre-

simulations. The long-range spatial correlations between sp&,onding values of the death rateare indicated in the panels.
cies are again measured with respect to a random distribution

0.0 10.0 20.0 30.0 40.0 50.0

and are defined as fact that the nearest-neighbor correlation is repulsive. This
attractive correlation at longer distances can be quite signifi-
larp(N)=po—Cgp(n), (13 cant. Ford=0.025, the strength of this attractive interaction

atn=6 is about 50% of the repulsive nearest-neighbor cor-
relation. Therefore, the combined effect of all the inter- and
. o . intraspecies correlations is to preferentially select the highest
thg chosen site being in a stageThus th_e nea_rest-n_elghbor survivability patterns. Fod— 0, these patterns typically in-
pair correlationl ,;5=1,/5(1). Thenumerical simulation re- ¢, 46 clysters of species (healthy or prey, which are sur-
sults for the three most interesting correlation functions aresunded by a region with a surpius of specieginfected or
displayed in Fig. 4 for four characteristic values of the deaﬂbredatorﬁ; while the 0 speciesdead or emptyare pushed

rate. . farther away from the central clusters. We have observed the
In general, we see that the correlation strength extends Lgrevalence of such patterns in real-time computer simula-

a substantial number of sites for death rates close to th ons.

lower ph"’?se transition, "?dﬁo' As d is mcreased,_ _the This global picture of pattern selection is reminiscent of
range of interactions is significantly reduced. Specifically yofengive strategies typically associated with learned or in-
the same—spec_ies interaction/ Q.() s at_tra_ctive at lowd val- stinctual behavior of minorityor weakey species. For in-
ues up to a distance of 20 sites. Similarly, for laly the  gahce in the context of the predator-prey model, prey as-
dead-infected (&) interaction is strongly long-range repul- gempe in clusters for protection, while predators surround
sive. For large death ratéslose to upper phase transition  ir prey and avoid empty space. It is interesting to notice
the OF interaction becomes weakly attractive, consistentnat these complex strategies emerge in our model, despite

with the predictions of the pair approximation calculationshe model being built on simple contact interactions only.
for the cooperating minority species.

Of particular interest in Fig. 4 is the infected-dead X) The authors acknowledge support from the Global
correlation, which clearly shows attractive cross-species in€hange and Environmental Quality Program of the Univer-
teractions 5-10 sites away from the central site, despite thsity of Colorado and ARO Grant No. DAAH04-94-G-0253.

whereC,,4(n) denotes conditional probability of a site dis-
tancen away from a chosen site to be in a statesubject to
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